ABSTRACT. We solve the prescribed Hoffman-Osserman Gauss map problem for translating soliton surfaces to the mean curvature flow in R 4 . Our solution is inspired by Ilmanen's correspondence between translating soliton surfaces and minimal surfaces.
(
We assume that one of the following two integrability conditions holds on Ω:
Then, we obtain the following statements. (a) Both (0.2) and (0.3) hold. (Assuming (0.1), we claim that (0.2) is equivalent to (0.3).) (b)
The complex curve φ := (φ 1 , φ 2 , φ 3 , φ 4 ) : Ω → C 4 defined by φ = f ( 1 + g 1 g 2 , i(1 − g 1 g 2 ), g 1 − g 2 , −i(g 1 + g 2 ) ) , f := −2iF fulfills the three properties on the domain Ω: 
(c1) There exists a conformal immersion
(c2) The induced metric ds 2 on the z-domain Ω by the immersion X reads
(c3) The pair (g 1 , g 2 ) is the complexified Gauss map of the surface Σ = X (Ω). In other words, the generalized Gauss map of the conformal immersion X reads
(c4) The surface Σ becomes a translator with the translating velocity −e 4 = (0, 0, 0, −1).
Proof.
Step A. For the proof of (a), we first set up the notations
We first assume only (0.1). Taking the conjugation in (0.1) yields
Taking into account this, we deduce
These two equalities thus show the equality
which means the desired implications:
Step B. We deduce several equalities which will be used in the proof of (b) and (c).
According to (a), from now on, we assume that both (0.2) and (0.3) hold. Since both L and R vanish, the previous equalities imply
Conjugating this and using the definition f = −2iF, we arrive at the equality
The compatibility condition (0.1) can be written in terms of f = −2iF:
It immediately follows from (0.4) and (0.5) that
Another computation taking into account (0.5) and (0.6) shows
Step C. Our aim here is to establish the claims in (b) on the complex curve
.
First, the equality in (b1) is obvious. Next, by the assumptions on g 1 and g 2 , we see that f = −2iF never vanish. Then, the assertion (b2) follows from the equality (0.9)
We employ the equalities in Step B to show the assertion (b3). Joining the equalities in (0.4), (0.6), (0.7), and (0.8) and the definition of φ, we reach (0.10)
These four equalities guarantee the integrability condition
Step D. We prove the claims (c1), (c2), and (c3). Thanks to (b3), we can integrate the curve φ.
Since Ω is simply connected, applying Lemma 1 to the complex curve φ, we see the existence of the function X = (
This and the nullity of φ guarantee that the mapping X is conformal. Using (0.9), one then find that the induced metric ds 2 = Λ 2 |dz| 2 by the immersion X reads (0.11)
Since f never vanish, this completes the proof of (c1). Also, joining (0.5) and (0.11) imply the equality in (c2). The integrability X z = φ and the definition of φ gives
which completes the proof of (c3).
Step E. Finally, we prove the claim (c4). First, we find the normal component of the vector field −e 4 = (0, 0, 0, −1) in terms of g 1 and g 2 . We compute
Combining this, (0.10), and (0.11) yields
Second, we find the mean curvature vector
Λ 2 φ z on our surface Σ = X (Ω). Now, joining this, (0.10), and (0.11), we can write the mean curvature vector H in terms of g 1 and g 2 :
We therefore conclude that H = (−e 4 ) ⊥ .
Remark 1 (Ilmanen's correspondence). Theorem 2 generalizes the classical Weierstrass construction from holomorphic null immersions in C 3 to conformal minimal immersions in R 3 . The key ingredient behind Theorem 2 is the Ilmanen correspondence between translators and minimal surfaces. (See [9] and [21] .) We deform the flat metric of R 4 conformally to introduce the four dimensional Riemannian manifold We first notice that Theorem 2 still holds when we regard the prescribed Gauss map (g 1 , g 2 ) as a pair of functions from a simply connected domain Ω to the complex plane (not just the unit disc). However, in this case, the induced mapping X : Ω → R 4 of the translator may admit the branch points where g 1 g 2 = 1 (or equivalently, g 1 g 2 = 1). Imposing the additional condition |g 1 | = 1 produces Lagrangian translators with the velocity −e 4 = (0, 0, 0, −1). Then, our integrability condition in (c1) for downward translators can be re-written as
where θ denotes the Lagrangian angle with ig 1 = e iθ . The third terms ( We consider a complexified Gauss map of the form, for some R-valued function G,
and want to solve the system (0.1) and (0.2). First, the compatibility condition (0.1) induces the ordinary differential equation
and a canonical solution is given by G(u) = u+1 u−1 . One can easily check that
satisfies the integrability condition (0.2). Then, the induced Lagrangian translator Σ with the velocity −e 4 admits the conformal parametrization
Since the induced metric on Σ reads ds 
we associate a complex curve φ = φ G = (φ 1 , φ 2 , φ 3 ) : Ω → C 3 as follows:
(a) Then, the complex curve φ fulfills the three properties on the domain Ω: Proof. We take (g 1 , g 2 ) = (iG, iG) in Theorem 2. 
of the translator equation (0.12) yields the conformal immersion X :
It represents the graphical translator with the translating velocity −e 3 : and has −∞ boundary values. Our graph x 3 = F (x 1 , x 2 ) becomes a cylinder over the downward grim reaper on the x 1 x 3 -plane. It can be viewed as an analogue of the classical Jenkins-Serrin type minimal graph, discovered by Scherk in 1834,
Its height function takes the values ±∞ on alternate sides of the square domain.
(c) More generally, Scherk discovered the doubly periodic minimal graph Σ 2α ρ [14] :
for some constants α ∈ 0, π 2 and ρ > 0. It is defined on an infinite chess board-like net of rhomboids. Its picture is available at [20] . However, unlike the deformations of Scherk's minimal surfaces by shearing, it is not possible to shear the grim reaper cylinder to obtain non-trivial deformations of unit-speed translators.
Remark 2 (Jenkins-Serrin type problem for graphical translators). A beautiful theory for infinite boundary value problems of minimal graphs is developed by Jenkins and Serrin [11] . Moreover, Spruck [19] obtained a Jenkins-Serrin type theory for constant mean curvature graphs. It would be very interesting to investigate a similar Dirichlet problem for graphical translators. In the following Example 6, we prove that, for any l ≥ π, there exists a downward unit-speed graphical translator that its height function is defined over an infinite strip of width l and takes the values −∞ on its boundary. We propose a conjecture that the lower bound π is a critical constant in the sense that, for any l ∈ (0, π), there exists no downward unit-speed graphical translator defined over an infinite strip of width l approaching −∞ on its boundary. and then prepare an orthonormal basis
